Coherent radiation from a relativistic electron beam is a valuable way to overcome the present limitations of conventional lasers and synchrotron radiation light sources. The typical scheme has electrons, directly from a linac, in a single-pass interaction with a laser pulse in the presence of a static undulator magnetic field. We demonstrate that a storage-ring free-electron laser can also achieve harmonic generation (down to 36.5 nm), presenting both experimental and theoretical results, and offer a reliable interpretation of the peculiar underlying physical processes involved.
Coherent harmonic generation (CHG) using a ''seeded'' relativistic electron beam represents a valuable alternative to self-amplified spontaneous emission (SASE) [1] for obtaining intense, tunable, short-pulse radiation in the wavelength region from the deep ultraviolet down to x rays. The SASE output is typically characterized by very good spatial but limited temporal coherence and large shot-to-shot fluctuations. Harmonic generation potentially provides a drastic improvement of these features [2 -4] . The process leading to CHG is based on the frequency upconversion of a high power laser (the seed) through interaction with a relativistic electron beam within an optical klystron [5] . An optical klystron comprises two undulators separated by a dispersive section, the first undulator being referred to as the modulator and the second as the radiator. The seed-electron interaction occurs in the modulator where the electrons exchange energy with the seed pulse. When the beam passes through the dispersive section (e.g., a magnetic chicane), the energy modulation is converted into a spatial microbunching of electrons at the period of the seed wavelength. At the end of the dispersive section the spectrum of electron density has a series of lines at the seed laser frequency and its harmonics. Finally, in the subsequent radiator undulator, light emission at the harmonics of the seed wavelength is enhanced by this coherent bunching and becomes proportional to the square of the number of electrons. In the standard configuration, CHG involves coupling an external laser with the electron bunches extracted from a linear accelerator [6] . Proof of principle experiments were first performed at LURE (Orsay, France) [7] and more recently at Brookhaven Laboratory (Upton, USA) [2, 3] , where coherent emission at the third harmonic (260 nm) of a Ti:sapphire laser was produced at the end of the radiator. Based on the promising results obtained in [2, 3] , several projects are currently under development worldwide aiming at the extension of the wavelength range of coherent light sources towards x-ray (see, e.g., [8, 9] ).
In this Letter, we show that efficient CHG can be obtained from an optical klystron installed in a storage ring (SR) which is used as the interaction region for an oscillator free-electron laser (FEL). In this configuration, the light emitted by the electrons when passing through the undulators is stored in an optical cavity and amplified during successive interactions with the particle beam until lasing is achieved. This intracavity laser signal can provide the seed necessary to initiate CHG [10, 11] . Coherent emission in the wavelength range between 260 and 36.5 nm has been observed at the Duke and Elettra SR FELs. We report here experimental results, and provide a reliable theoretical picture of the underlying physical processes. Results indicate that the temporal structure of the harmonic radiation is naturally characterized by very short spikes (hundreds of femtoseconds), in which the majority of the emitted energy is concentrated. This phenomenon, predicted in [12] , opens opportunities to exploit CHG in oscillator SR FELs for original user experiments. Alternatively, the radiation produced may be used as the coherent seed in a subsequent single-pass HG scheme.
In a SR, the FEL light originates from spontaneous radiation emitted by the electron beam in the undulators. As a consequence, it is composed of a train of micropulses separated by the interbunch period (hundreds of ns). On a longer temporal scale, laser dynamics are determined by the temporal and spatial overlap of the electron bunch and laser pulse during successive passes through the optical klystron. If perfect overlap is maintained for a few hundred microseconds, a single macropulse is generated, which is the envelope of a train of micropulses (produced on each pass of the electrons through the optical klystron) with
Such an envelope will be referred to from now on as a ''giant pulse.'' The FEL interaction induces an increase of the electronbeam energy spread, i.e., ''beam heating.'' Beam heating in turn causes a concurrent decrease of the FEL gain. Saturation takes place when the gain G is reduced to the level of the losses of the optical cavity, L: G L.
To correctly predict the power generated during the giant pulse, two effects must be considered [12] . The first arises from the synchrotron motion of the electrons during their propagation around the ring. The temporal profile of the FEL gain peaks near the bunch center. Hence, both the FEL radiation intensity and local energy diffusion (heating) grow faster there than at bunch periphery. Synchrotron motion then moves the heated part of the bunch away and brings fresh electrons into the interaction region. This phase-space ''refreshment'' remains most effective during about half of a synchrotron oscillation (tens of microseconds). After this time, electrons with higher energy spread are evenly distributed through the bunch and the gain is drastically reduced: G ÿ L becomes negative and intensity decays. The second effect requiring consideration comes from the fact that FEL micropulses grow from spontaneous radiation in a process similar to that giving rise to SASE emission. As a consequence, they show a temporal structure composed of very short (i.e., subpicosecond) spikes, with peak power exceeding the local average value by about 1 order of magnitude [13] . The spiky structure of the FEL micropulse significantly increases the effectiveness of phase-space refreshment, further enhancing the FEL peak power.
It has been experimentally demonstrated at the Duke SR FEL [11, 14] that enough intracavity power can be produced in the giant pulse regime to induce effective harmonic generation. A suitable manipulation of the lightelectron overlap allows the system to be repeatedly brought into this regime through a periodic variation of the tuning condition. Such a variation can be induced either by steering the electron orbit (Duke case [15] ), or by changing the beam revolution period (Elettra case [16, 17] ). Starting from a completely detuned condition, the laser is off, and the electron beam at its minimum energy spread. The lightelectron overlap is adiabatically established for the time necessary to generate a single giant pulse (a few hundred microseconds). The system is then detuned again, and after several synchrotron damping times (tens of milliseconds), the energy spread reduces, returning the single-pass FEL gain to its initial (laser-off) maximum value, when the process can be repeated. Figure 1(a) shows a dual-sweep streak camera image of the electron beam and a single giant pulse. As shown in Fig. 1(b) , it is possible to generate a stable train of giant pulses. This produces peak power 2 to 3 orders of magnitude higher than the standard steady-state operation mode.
We now describe the basic principles of CHG in a SR FEL. Generally speaking, CHG relies on the production of significant electron bunching at the radiator entrance. Indeed, as seen in Eq. (1), growth of the hth harmonic of the radiated field arises directly from the bunching b h defined below [18] :
where z is the scaled longitudinal coordinate along the undulator axis, A h (h 1; 2; 3; . . . ) is the complex hth harmonic component of the scaled field perpendicular to z, and N is the number of electrons. Bunching in the hth harmonic, b h , is defined in terms of the phase j of the jth electron inside the combined radiation and undulator field. In practice, bunching provides a quantitative measure of the spatial correlation of the particle phase distribution on the scale of the harmonic wavelength h . In a SR FEL, bunching is produced by the interaction of the electron beam with the fundamental field component, A 1 , which is stored and amplified in the optical cavity. As previously described, the controlled production of giant pulses provides the seeding signal necessary for the generation of higher harmonics by the following mechanism. At the start of the process (before the giant pulse), the electron distribution is Gaussian in energy with rms value , and at the modulator entrance, the electron distribution is generally uniform in phase (i.e., b h ' 0 for any h). In the modulator, the light-electron interaction induces a coherent energy modulation, sin, of the beam distribution, which overlaps the incoherent energy spread . The maximum energy modulation is proportional to the seed field, A 1 . Bunching is created in the dispersive sec- tion, where the beam energy modulation is transformed into phase modulation: electrons of phase j at the exit of the modulator will have a new phase j Dx sin j at the entrance to the radiator, where D is the (positive) strength of the dispersive section. Therefore, when sin j > 0 the new phase is smaller than the initial one, while the opposite occurs when sin j < 0, thus producing particle clustering, i.e., b h Þ 0.
Because of synchrotron motion, after one turn in the SR, the coherent energy modulation is transformed into incoherent energy spread. Turn after turn, the energy spread accumulates. Eventually, the net gain G ÿ L reduces to zero, so that the seed power decays and CHG is suppressed.
Experimental results obtained at Duke and Elettra are now compared with numerical simulations performed using the three-dimensional numerical code GINGER [19] . GINGER solves the coupled system of Newton-Lorentz (for particles) and Maxwell equations (for fields) inside the optical klystron. A separate SR tracking code is used to account for particle motion around the ring. Figure 2 shows the evolution of the fundamental (660 nm) and third harmonic (220 nm) macropulses measured at the Elettra FEL. One can see that the harmonic macropulse is characterized by a shorter rise time than the fundamental giant pulse. A difference of about a factor of 3 has been found, as expected from the theoretical prediction A h / A h 1 [11] . Simulations are in satisfactory agreement with experiments. A similarly good agreement between experimental and numerical results has been found in the case of the Duke FEL, both at the fundamental and third harmonic wavelengths.
The energy of both the fundamental and harmonic micropulses was also measured. In the Duke case, using holed cavity mirrors at 260 nm, and micropulse energy of 3 mJ in the fundamental produced several nJ extracted energy at 86.1 nm (third harmonic) and a fraction of nJ at 51.5 nm (fifth harmonic) and 36.5 nm (seventh harmonic). Experiments at Elettra utilized mirrors at 660 and 450 nm, partially transmitting at 220 and 150 nm (respectively), producing measured micropulse energies of the same order of those generated at Duke, i.e., a few mJ (intracavity) at the fundamental wavelength and few nJ at the third harmonic. These measured energy values are in good agreement with simulation, which showed an accuracy better than 20%.
As mentioned, FEL radiation arises from spontaneous emission by the electrons. Because particle density inside the bunch is inhomogeneous, the emitted micropulse is composed of spikes having various peak powers. The typical duration of a single spike is approximately equal to the ''slippage'' distance along the optical klystron [20] , due to a process analogous to a SASE system. Spiky micropulses at the fundamental wavelength are stored in the optical cavity and amplified during successive interactions with the electron beam. As a consequence, at the peak of a giant pulse, the majority of the power is concentrated in a few intense isolated spikes, which will be reflected in the temporal structure of the harmonic micropulses. This prediction is confirmed by experiments and simulations, as shown below. The temporal structure of the FEL micropulse has been investigated using a dual-sweep streak camera. Figure 3(a) shows a streak camera image of third harmonic coherent radiation at 233 nm generated with the Duke FEL. The picture gives a clear indication of the predicted spike structure in harmonic pulses, in this case with a measured duration of about 2 ps (rms). However, this is close to the instrument resolution and underlying finer structure could not be resolved. Simulations at higher temporal resolution confirm the existence of a much finer structure seen in Fig. 3(b) , i.e., spikes on the order of a few hundreds of fs (comparable to the Duke FEL slippage in the case under consideration). Using a streak camera of similar resolution, spikes have not been detected at Elettra. This is likely explained by the fact that the Elettra bunch duration (about 20 ps, rms) is significantly shorter than the one at Duke (about 100 ps, rms). As a consequence, the duration of the envelopes of the fundamental and harmonic micropulses will be significantly shorter as well, making spikes unresolvable experimentally. An indirect confirmation of the sub-ps structure of the Elettra harmonic pulses has been obtained by measuring the spectral profile. As an example, Fig. 4 shows a spectrum of the third harmonic at 222.5 nm having a width of 0.26 nm (FWHM). Assuming that the optical spike is transform limited, this corresponds to a temporal duration of 120 fs (rms), which is very close to the value obtained from simulations.
In conclusion, we have shown that when operated in the giant pulse regime, SR FELs can produce intense harmonic radiation in the VUV spectral range. The harmonic micropulses have a sub-ps temporal structure, which may prove to be useful for experiments investigating ultrafast phenomena.
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